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Oscillatory solutions of semilinear elliptic equations





$\Delta u+p(x)u+\phi(x, u)=0$ , $\Delta=\sum_{\dot{\iota}=1}^{N}\frac{\partial^{2}}{\partial x_{i}^{2}}$ (E)
$\Omega\subset \mathbb{R}^{N}(N\geq 3)$ , $\Omega$
$G_{a}:=\{x\in \mathbb{R}^{N} : |x|>a\}$ , $a$ , G
(E) $p(x),$ $\phi(x, u)$
(i) $p(x)$ $M\subset\Omega$ , $\overline{M}$ $\alpha$ H\"older
$(\alpha\in(0,1))$
(ii) $\phi$ $M\subset\Omega$ , $J\subset \mathbb{R}$ , $\overline{M}\cross\overline{J}$
$\alpha$ H\"older $(\alpha\in(0,1))$
, 2 $M\subset \mathbb{R}^{N}$ $\overline{M}$
$u:\overline{M}arrow \mathbb{R}$
$\alpha$ H\"older norm $||u||_{2+\alpha,\overline{M}}$ $C^{2+\alpha}(\overline{M})$
, $u:\Omegaarrow \mathbb{R}$ $M\subset\Omega$ $C^{2+\alpha}(\overline{M})$ $u$
$C_{1\mathrm{o}\mathrm{c}}^{2+\alpha}(\Omega)$
$u\in C_{1\mathrm{o}\mathrm{c}}^{2+\alpha}(\Omega)$ $x\in\Omega$ (E) , $u(x)$
(E) , , $u\in C_{1\mathrm{o}\mathrm{c}}^{2+\alpha}(\Omega)$ $x\in\Omega$
$\Delta u.+p(x)u+\phi(x, u)\leq 0$ ( , $\geq 0$)
, $u(x)$ (E) supersolution ( , subsolution)
, (E) $u(x)$ ,
$u(x)$ , , (E) $u(x)$
, $u(x)$
$\phi(x, u)$ , (E)
$\Delta u+p(x)u=0$ (1)
$p(x)$









, $\lambda_{N}=(N-2)^{2}/4,$ $t(x)=(N-2)|x|^{N-2}$ $K_{1}$. $(i=1,2,3,4)$
, $\zeta$
$((N-2)\zeta)^{2}=\lambda_{N}-\mu$
, $0<\mu\leq\lambda_{N}$ , (2) (1)




$\log_{1}t=|\log t|$ , $\log_{k+1}t=\log\{\log_{k}t\}$ ; $l_{1}(t)=1$ , $l_{k}(t)=l_{k}(t)\log_{k}(t)$ ;
$S_{k}(t)= \sum_{\dot{\iota}=1}^{k}\frac{1}{\{l_{\dot{l}}(t)\}^{2}}$, $k=1,2,$ $\ldots$ .
$\{\log_{k}(t)\},$ $\{l_{k}(t)\}$ $\{S_{k}(t)\}$ $t>0$
$\{l_{k}(t)\},$ $\{S_{k}(t)\}$
$l_{2}(t)=|\log t|$ , $l_{3}(t)=|\log t|(|\log|\log t||),$ $\ldots$ ;
$S_{1}(t)=1$ , $S_{2}(t)=1+ \frac{1}{(\log t)^{2}}$ ,








, (1 $\phi(x, u)$
, ,
32
(E) , Noussair and Swanson [3]
“supersolution-subsolution method” , super-
solution subsolution , supersolution
subsolution (E)
Lemma 1. $C_{b}=\{x\in \mathbb{R}^{N} : |x|=b\}$ $G_{b}\cup C_{b}$ , (E)
supersolution $\overline{u}(x)$ subsolution $\underline{u}(x)$ , $\underline{u}(x)\leq\overline{u}(x)$
, (E)
$\underline{u}(x)\leq u(x)\leq\overline{u}(x)$ , $x\in G_{b}$ , $u(x)=\overline{u}(x)$ , $x\in C_{b}$
$u(x)$
(E) supersolution subsolution , Sugie [4, Theorem 22]
$w”+ \frac{2}{t}w’+\frac{1}{4t^{2}}S_{n}(t)w+\frac{1}{t^{2}}g(w)=0$ , $’= \frac{d}{dt}$ (3)
, $g$ Lipschitz
$wg(w)>0$ , $w\neq 0$ (4)
Proposition 1. (4) , $w>0$ (







$= \frac{d}{ds}$ , $s=\log t$ (6)
(6) Sugie [4, Lemma 32]




Lemma 2. (4) , $w>0$
(5) , (3)
$w(t) \geq\frac{Tw(T)}{t}$ $(t\geq T)$
$w(t)$
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Proof. $g$ (4), (5) Proposition 1 , (3) $w(t)$
, $T>0$ , $w(t)>0(t\geq T)$ $w(t)$
$(\xi(s), \eta(s))$
$(\xi(s), \eta(s))=(w(t), w’(t)t+w(t))$ , $s=\log t$
, $(\xi(s), \eta(s))$ (6) $S_{n}(e^{s})>0,$ $\xi(s)>0(s\geq$




$\xi(s)>0(s\geq\log T)$ , $\eta(s)\geq 0(s\geq\log T)$
$\dot{\xi}(s)=\eta(s)-\xi(s)\geq-\xi(s)$ , $s\geq\log T$
$\log T$ $s$
$\xi(.s)\geq\xi(\log T)Te^{-s}$ , $s\geq\log T$
, $w(t)$ $w(t)\geq Tw(T)/t(t\geq T)$
Lemma 2 $w(t)$ $Tw(T)/t$ , Lemma 1 (E) supersO-
lution subsolution , (E)
Theorem 1. $p$ $n$
$0\leq p(x)\leq p_{n}(x)$ , $x\in\Omega$ , (8)
, $\phi$
$0 \leq\phi(x, u)\leq\frac{h(u)}{|x|^{2}}$ , $x\in\Omega$ , $u\geq 0$ (9)
, $h(u)$ Lipschitz , $h(0)=0$
, $u>0$
$\frac{h(u)}{u}\leq\frac{\lambda_{N}}{\{l_{n+1}(u^{2})\}^{2}}$ (10)
, (E) $b\geq a$









, $g^{*}$ Lemma 2 ,
$w”+ \frac{2}{t}w’+\frac{1}{4t^{2}}S_{n}(t)w+\frac{1}{t^{2}}g^{*}(w)=0$
$b\geq a$
$w(t) \geq\frac{bw(b)}{t}>0$ $(t\geq b)$ , $\lim_{tarrow\infty}w(t)=0$
$w(t)$





$=\overline{r^{2}}\lfloor^{b}.w(^{b/}-\mathrm{r}^{-}A\iota\cdot w\backslash \iota/-\tau n\backslash b/\mathrm{u}/\backslash v/-\mathrm{T}^{-}y\overline{4}^{\iota J}\iota^{\mathrm{w}}\iota^{v}//\rfloor-\cdot$
, $\overline{u}(x)$ $G_{b}\cup C_{b}$ (E) supersolution




, $\underline{u}(x)$ $G_{b}\cup C_{b}$ (E) subsolution e , Lemma 2
$\underline{u}(x)=\frac{bw(b)}{t}\leq w(t)=\overline{u}(x)$ , $x\in G_{b}\cup C_{b}$
, Lemma 1
$0<\underline{u}(x)\leq u(x)\leq\overline{u}(x)$ , $x\in G_{b}$ , $\underline{u}(x)=u(x)=\overline{u}(x)$ , $x\in C_{b}$
(E) $u(x)$ , (7)
lxlli\rightarrow m\infty -u(x)=t\rightarrow $w(t)=0$
, $|x|arrow\infty$ $u(x)arrow 0$
35




$\frac{h(u)}{u}=\frac{\lambda_{N}}{\{l_{n+1}(u^{2})\}^{2}}$ , $|u|>0$ : $;\mathrm{J}\backslash$
, Theorem 1 (11) , $h$
$\mu>\lambda_{N}[]^{\vee}.\mathrm{X}\backslash |\text{ }$
$\frac{h(u)}{u}=\frac{\mu}{\{l_{n+1}(u^{2})\}^{2}}$ , $u>0$ $:$ + 4
, (10) , Theorem 1 ,
(11) , (E)
Theorem 2. $n$
$p(x)=p_{n}(x)$ , $x\in\Omega$ (12)
, $\phi$
$\phi(x, u)\geq\frac{h(u)}{|x|^{2}}>0$ , $x\in\Omega$ , $u>0$ , (13)
$\phi(x, -u)=-\phi(x, u)$ , $x\in\Omega$ , $u>0$ (14)




Remark. Theorem 1 Theorem 2 , $p(x)$ $\phi(x, u)$ $\alpha$ H\"older
Theorem 2 , ,
$\frac{d}{dr}(r^{N-1}\frac{d}{dr}v)+r^{N-1}\{\frac{\lambda_{N}}{r^{2}}S_{n}((N-2)r^{N-2})v+\frac{1}{r^{2}}h(v)\}=0$ (16)
, Sugie [4, Theorem 21]













, $\lambda_{N}=(N-2)^{2}/4$ , (16)
$t^{2}w’’+2tw’(t)+ \{\frac{1}{4}S_{n}(t)w+\frac{h(w)}{4\lambda_{N}}\}=0$ (18)
$\tilde{g}$ , $\nu$ , $\tilde{g}(x)=h(w)/4\lambda_{N},$ $\nu=\mu/4\lambda_{N}$ ,
(15) $\tilde{g}(x)$
$\frac{\tilde{g}(w)}{w}=\frac{h(w)}{4\lambda_{N}w}\geq\frac{\mu}{4\lambda_{N}\{l_{n+1}(w^{2})\}^{2}}=\frac{\nu}{\{l_{n+1}(w^{2})\}^{2}}$ , $\nu>\frac{1}{4’}$
, (17) , Propositoin 2 (18)
(16) (18) , (16)
, (E) ( ) (16) (
)
$\Delta u+\psi(x, u)=0$ (19)
Schr\"odinger ,
, Emden-Fowler , $\psi(x, u)=$
$k(x)u^{\gamma}$ [2, 5, 6]
(19)
$\frac{d}{dr}(r^{N-1}\frac{d}{dr}v)+r^{N-1}q(r)f(v)=0$ (20)
, Naito et al. [1]
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Theorem A.
$\psi(x, u)\geq q(|x|)f(u)$ , $x\in\Omega$ , $u>0$ ,
$q\in C[a, \infty)$ , $q(r)\geq 0(r\geq a)$ ; $f\in C(0, \infty)$ , $f(u)>0(u>0)$
, (19) $G_{b}(b\geq a)$ $u(x)$
, (20) $0<v(r)< \min|x|=ru(x)(r\geq b)$ $v(r)$
(E) (16) , Theorem A
Lemma 4. (12) (13) , $h$ t ,
(E) $G_{b}(b\geq a)$ $u(x)$ , (16)
$0<v(r)<\mathrm{m}\mathrm{j}\mathrm{n}_{|x|=\mathrm{r}}u(x)(r\geq b)$ $v(r)$
Lemma 4 Theorem A
Remark. $\phi$ (14) , (E) $G_{b}(b\geq a)$
$u(x)$ , (16) $r\geq b$ ,
(14) $u(x)$ (E) , Lemma 4 (16)
$v(r)$ (14) (13) $h$ $h(-u)=-h(u)(u>0)$
, $-v(r)$ (16)
Lemmas 3and 4 , Theorem 2
Proof of Theorem 2. (E) $G_{b}$
(12) (13) Lemma 4 , (16) $r\geq b$
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